We develop a mathematical model for the aqueous humor flow in the anterior chamber of a human eye. Therefore, we construct a two-dimensional geometry of the flow domain and consider the Stokes equation therein. Characteristics are the inflow, the production of the aqueous humor in the ciliary body, the path along the intraocular lens and the iris into the anterior chamber and the outflow through the trabecular meshwork described by a porous media with the Darcy equations for the flow. We will present our first numerical simulations of the decoupled models on two separated domains, the anterior chamber and the trabecular meshwork. They are performed by the Finite Element method with realistic patient dependent parameters. We analyze dependencies between the model parameters and discuss their effect. We found no significant ν-dependence of the averaged pressure in the decoupled model.
Introduction
One of the most common reasons for blindness is glaucoma. Worldwide there were approximately 60.5 million people with glaucoma in 2010 and this number should further increase up to 79.6 million by 2020 [19] . The primary risk factor for the development of vision loss in glaucoma is an increased intraocular pressure (IOP) and lowering the IOP is currently the only therapeutic option with proven efficiency. To understand the reasons for increased IOP, the behaviour of the aqueous humor flow in the anterior chamber and in the trabecular meshwork (TM) is studied in this work. The aqueous humor is the fluid that fills the anterior chamber [5] . The anterior chamber denotes the fluid-filled space inside the eye between the iris and the cornea's innermost surface as well as between the lens and the iris. The area of tissue in the eye located around the base of the cornea, is called the trabecular meshwork. The trabecular meshwork is responsible for draining the aqueous humor from the eye [18] , [20] .
(a) Structure of the anterior chamber and path of the aqueous humor [17] (b) Structure of the trabecular meshwork and its position in the anterior chamber [3] Figure 1: Anterior chamber and trabecular meshwork
There are several models describing the flow through the the anterior chamber and the trabecular meshwork. In [1] computational results for the pressure in the anterior chamber and the TOPICAL PROBLEMS OF FLUID MECHANICS 241 _______________________________________________________________________ DOI: https://doi.org/10.14311/TPFM.2017.031 trabecular meshwork of a human eye are presented in two dimensions. The fluid flow is assumed to be axisymmetric and modeled as a coupled system of Stokes and Darcy fluid flow equations, representing the flow in the anterior chamber and in the trabecular meshwork, respectively. In [14] and in [15] the buoyancy-driven flow arising from the temperature difference between the anterior surface of the cornea and the iris is considered. In [3] the aqueous humor outflow resistance in the juxtacanalicular tissue (JCT) of the human eye is studied. In that work, JCT is treated as a heterogeneous tissue with a variable permeability. In [16] the effect of the aqueous humor flow on the temperature distribution inside the eye is investigated. Further aspects are studied in [17] , where passive mechanical interaction between the aqueous humor and the iris is modeled and in [9] , where aqueous humor outflow through the trabecular meshwork is described. In [9] a straindependent permeability function is incorporated into Darcy's law which is coupled to the force balance for the bulk material.
Numerical treatment of Stokes-Darcy equations is investigated in [4] , [6] , [7] , [8] , [13] . In [2] the homogenization of a viscous two-dimensional incompressible flow over a porous medium is considered and the interface conditions derived. The proof for the existence of solutions of the Stokes equation is given in [12] . The proof of existence of solutions of the Darcy equation can be found in [25] .
In this work, a more realistic geometry in 2D of the anterior chamber is considered and the model of the aqueous humor flow therein with a new consideration of the inflow and outflow is proposed. The main difference to the model presented in [1] lies in the definition of the boundary conditions. This definition is motivated by medical purposes.
Model
The following sections deal with the development and the simulation of a mathematical model to describe the aqueous humor flow in the anterior chamber and in the trabecular meshwork. The model is of Stokes-Darcy type, with the Stokes equation describing the aqueous humor flow in the anterior chamber and with the Darcy equation describing the flow in the trabecular meshwork.
Let Ω ⊂ R 2 denote the modeled flow domain. Let Ω f and Ω p be domains for the Stokes flow and the Darcy flow, respectively. The interface boundary between the domains is given by Σ := ∂Ω f ∩ ∂Ω p . In particular Ω := Ω f ∪ Ω p ∪ Σ. The variables n f and n p denote outward pointing normal vectors on Ω f and Ω p . On Σ let t 1 , t 2 denote linearly independent tangential vectors. Then, the following model is considered:
T ) represents the viscous stress tensor. The variable u f denotes the fluid velocity, p f the pressure, f f an external force including gravitation which may depend on the temperature and the fluid kinematic viscosity ν. With c 1 ∈ R we denote a constant describing the inflow at the boundary region Γ 
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The variables u p , p p , f p denote the fluid velocity, the pressure and the external force in the porous media, respectively. The function g prescribes the pressure at the outer boundary Γ p := ∂Ω p of the trabecular meshwork and K represents the permeability tensor of the domain. For simplicity, it is supposed that there is a scalar function κ such that κI = νK −1 . Along the interface Σ the flows are coupled via the conservation of mass and the balance of normal forces. Moreover, Beavers-Joseph-Saffman (BJS) condition (see [10] , [11] ) is used for the tangential forces on Σ:
where α 1 , α 2 ∈ R are friction constants.
Simulation
In this work, our first simulations in 2D are presented. These simulations are performed in separate domains with Stokes and Darcy equations, respectively. The following structure is pursued:
1. Construction of the geometry of the anteriour chamber in 2D 
Geometry of the anterior chamber in 2D
It is assumed that the 2D projection of the anterior chamber looks like a semi-ellipse with principal axes a = 5 mm and b = 7 mm, where a denotes the depth and b the length of the anterior chamber. The mathematical set of points of the anterior chamber (AC) is given by
Moreover, it is assumed, that the aqueous humor flow can not penetrate the iris and the lens. Furthermore, it is known that the aqueous humor is produced in the ciliary body and leaves the AC through the trabecular meshwork. Thus, the iris and the lens need to be removed from the flow domain. The region describing the iris (I) is given by
and the lens (L) by The obtained geometry of the flow domain is represented in Figure 2 . 
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Discretisation of the Stokes equation in the anterior chamber
The weak formulation of the equation (1) is given by:
For these function spaces, Babuska-Brezzi conditions (see [23] , [24] ) are satisfied, thus a solution for the Stokes problem exists [21] .
and Q h = Q 1 (Lagrangian polynomial spaces) are chosen. Then, the finite element discretisation is given by:
for all test functions v h ∈ Q 2 2 , q h ∈ Q 1 . In the following setting Lagrangian finite elements are used. The solution of the Stokes equation is generated with the software deal.ii [26] , [27] .
Using the Galerkin method, a linear system of equations is assembled. To solve this linear system the UMFPACK package is used. UMFPACK is a set of routines for solving non-symmetric sparse linear systems Ax = b. Such methods are for example unsymmetric-pattern MultiFrontal method and a direct sparse LU factorisation.
Simulation of the Stokes equation in the anterior chamber
The model (1) is simulated with f f = (0, f 1 )
T , where f 1 ∈ {0.0001, 0.001, 0.01, 0.1, 1}, and c 1 = 1 in the boundary condition. The kinematic viscosity of the aqueous humor is approximately 0.7 units [15] and might slightly vary for different patients [22] . Thus, ν ∈ {0.61, 0.66, 0.76, 0.81} is chosen. The average pressure in the anterior chamber is independent from f 1 and ν and is given by approximately −0.0779835 units. In this situation, where the second force component is active, the patient is standing. Next, the setting f f = (f 1 , 0)
T is used with the same choice for the force values, f 1 ∈ {0.0001, 0.001, 0.01, 0.1, 1}, for c 1 = 1 and ν ∈ {0.61, 0.66, 0.76, 0.81}. The average pressure in the anterior chamber depends on f 1 and ν. The results can be found in the Table 1 . In this situation, where the first force component is active, the patient is lying. Table 1 : Dependence between the average pressure, ν and the force f = (f 1 , 0) T in the anterior chamber A slight increase of the absolute value of the average pressure can be observed if the force increases. No significant ν-dependencies of the average pressure is observed. This issue seems to be important for greater forces, f 1 ≥ 1. Figure 3 shows the dependence between the velocity magnitude and the force. According to the simulation results, an increase of the force leads to an increase of the flow velocity in the anterior chamber. 
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Discretisation of the Darcy equation in the trabecular meshwork
The trabecular meshwork is a porous domain denoted by Ω p . A constant permeability in the trabecular meshwork and the equations (2) with κ
and
are assumed. The weak formulation is given by
with the test functions v, q. The fuctions u, v written as w = (u, v) are in the space
. If discrete finite element spaces for the approximation of u, p are inappropriately chosen, the resulting discrete saddle-point problem is instable and the discrete solution will not converge to the exact solution. To overcome this, a number of different finite element pairs for u, p have been developed that lead to a stable discrete problem. One such pair is to use the Raviart-Thomas spaces RT (k) for the velocity u and discontinuous elements of class DQ(k) for the pressure p. Further information about these finite elements can be found in the book on mixed finite element methods by Brezzi and Fortin [21] .
The discretized problem is given by: Find
The solution of the Darcy equation is generated with the software deal.ii [26] , [27] . Using the Galerkin method, a linear system of equations is assembled. To solve this linear system UMFPACK package is used.
Simulation of the Darcy equation
In Table 2 the average pressure is computed using the parameter values f p = (1, 0) T , f p = (0.1, 0)
T , f p = (0.01, 0) T , for the right hand side and g according to (2) and (9). Averaged velocity components are computed using f p = (1, 0) T for the right hand side and g according to (2) and (9) . The parameter κ represents a pore permeability and its values were chosen based on investigations and measurements in [3] . It can be observed that there is no (significant) dependence between the average pressure and κ. However, the average velocity in every component increases if κ increases. There is a linear dependence between κ and the mean velocity u 1 and a linear dependence between κ and the mean velocity u 2 . There is no dependence between the average pressure and the force as shown in Table 2 .
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Prague, February 15-17, 2017 _______________________________________________________________________ Results concerning the average pressure in the anterior chamber are similar to those that were obtained in [1] . Moreover, our test models show the specific model properties, the greater the force the greater the velocity. Furthermore, there is a dependence of the averaged pressure in the anterior chamber on the direction of the force describing whether the patient is standing or lying. There is no dependence between the average pressure and the force in the trabecular meshwork. In our future work we will solve the coupled model with the BJS condition on the interface and we will realize the simulations in three dimensions.
